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Calculation of Diffusion-Limited Kinetics for the Reactions in Collision
Coupling and Receptor Cross-Linking
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ABSTRACT Both enzyme (e.g., G-protein) activation via a collision coupling model and the formation of cross-linked
receptors by a multivalent ligand involve reactions between two molecules diffusing in the plasma membrane. The diffusion
of these molecules is thought to play a critical role in these two early signal transduction events. In reduced dimensions,
however, diffusion is not an effective mixing mechanism; consequently, zones in which the concentration of particular
molecules (e.g., enzymes, receptors) becomes depleted or enriched may form. To examine the formation of these depletion/
accumulation zones and their effect on reaction rates and ultimately the cellular response, Monte Carlo techniques are used
to simulate the reaction and diffusion of molecules in the plasma membrane. The effective reaction rate at steady state is
determined in terms of the physical properties of the tissue and ligand for both enzyme activation via collision coupling and
the generation of cross-linked receptors. The diffusion-limited reaction rate constant is shown to scale with the mean square
displacement of a receptor-ligand complex. The rate constants determined in the simulation are compared with other

theoretical predictions as well as experimental data.

INTRODUCTION

Signal transduction is initiated by the binding of extracel-
lular ligands to receptors in the plasma membrane. These
receptor-ligand complexes then initiate a cascade of reac-
tions that ultimately lead to a cellular response. For some
mechanisms, the first step of the cascade involves the in-
teraction of a receptor-ligand complex with another mole-
cule in the plasma membrane. For example, receptor-ligand
complexes may act as mobile catalysts for the activation of
enzymes in the plasma membrane, a mechanism termed
collision coupling (Tolkovsky and Levitzki, 1978). This
mechanism has been used to describe signal transduction
through G-protein coupled receptors (reviewed in Lauffen-
burger and Linderman, 1993), which are the receptors for
many hormones (such as catecholamines and gonado-
tropins), odorants, and light (reviewed in Neer, 1995; Birn-
baumer et al., 1990).

As another example, for ligands with multiple sites, a
receptor-ligand complex may interact with an unoccupied
receptor. This binding of multiple receptors to a single
ligand is termed receptor cross-linking. Receptor cross-
linking is one mechanism by which receptors aggregate in
the plasma membrane. This mechanism has been used to
describe viral attachment to cells (Wickham et al., 1990)
and the release of histamine from basophils and mast cells
(Dembo and Goldstein, 1978; Wofsy et al., 1978; Holowka
and Baird, 1992).
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The kinetics of the reactions that constitute signal trans-
duction determine the cellular response. The objective of
this study is to examine the kinetics of both the collision
coupling and cross-linking mechanisms in terms of the
physical characteristics of the tissue and ligand. Knowledge
of the expected effect of the various parameters on the
reaction kinetics in conjunction with experimental data can
lead to a better understanding of the signal transduction
mechanism and, ultimately, strategies to manipulate the
signaling pathway.

For reactions between species in the plasma membrane,
the diffusivity of the species is thought to affect the reaction
rates. Experimental data suggest that the diffusivity of mol-
ecules in the plasma membrane affects these reaction rates
(Bakardjieva and Helmreich, 1979; Gorospe and Conn,
1987; Hanski et al., 1979; Atlas et al., 1980; Goldstein et al.,
1981; Jans, 1992). The relationship between diffusivity and
reaction rates has been well studied for soluble ligand
binding to cell surface receptors (reviewed in Lauffenburger
and Linderman, 1993); however, this relationship is not well
understood for the reactions within the plasma membrane.
Mathematical models are being developed to examine all
aspects of the reaction kinetics, such as the initial rates
(Lamb, 1994) and the effects of the species concentration
(Saxton and Owicki, 1989). One well-studied mechanism
involves the trapping of mobile receptors by coated pits
(Adam and Delbruck, 1968; Berg and Purcell, 1977; Keizer,
1985; Goldstein et al., 1988).

Studies of two-dimensional reaction-diffusion systems
(e.g., Lindenberg et al., 1994; Fichtorn et al., 1989) suggest
that the spatial distribution of molecules plays a critical role
in determining the reaction rate. Reactions occurring in two
dimensions can produce zones in which the concentration of
certain species becomes increased or decreased as compared
to the bulk concentration. These depletion/accumulation
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zones affect the ability of species to interact and therefore
the reaction rates. The formation of these depletion/accu-
mulation zones is related to the mechanism of the reaction.
We use the term spatial effects to represent the effects that
the depletion/accumulation zones have on the effective re-
action rate.

In this paper, two signal transduction mechanisms (col-
lision coupling and receptor cross-linking) are examined for
the presence of either depletion or accumulation zones.
Using Monte Carlo techniques to simulate the reaction and
diffusion of species in the plasma membrane, we can ob-
serve these depletion/accumulation zones and determine
their effects on the effective diffusion-limited rate constant.
The physical parameters, such as diffusivity and ligand
concentration, are examined for their effect on the deple-
tion/accumulation zone and the reaction rates. To compare
reaction rates over a range of diffusivities, a dimensionless
reaction rate constant is used, which is given by

_k
=g (1

where k is the effective diffusion-limited reaction rate con-
stant determined from the simulation, and k;, is the diffu-
sion-limited rate constant if the reacting species are homo-
geneously distributed. The simulation results will be
compared to the theoretical estimates predicted for similar
mechanisms.

METHODS

A triangular lattice is used to simulate a section of the
plasma membrane. Monte Carlo techniques are used to
simulate the reaction and diffusion of the various species in
the plasma membrane. Simulations are performed using the
procedure described by Mahama and Linderman (1994) and
used by Shea and Linderman (1997).

Collision coupling model

Fig. 1 shows the reactions that constitute the collision cou-
pling model. Ligand (L) binds to a receptor (R) with rate

ke

E* —> E

FIGURE 1 Reaction schematic for the collision coupling model. The
collision coupling model assumes that the receptor-ligand complex acts as
a mobile catalyst for enzyme activation. Simulations are performed to
determine the activation rate constant k, .
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constant k; (M~ s™1), thus forming a receptor-ligand com-
plex (RL). Ligand dissociates from RL with rate constant &,
(s™!). Reactions between RL and inactive enzymes (E)
produce activated enzymes (E*), but leave RL intact. In the
simulation, the activation of enzymes occurs after collisions
between RL and E. Note that the diffusion-limited activa-
tion rate constant k. ([no./cell] ! s~!) shown in Fig. 1 is not
a specified input, but rather is determined from the simula-
tion. The activated enzyme is deactivated with rate constant
k (s7h.

The simulations proceed until a steady state is reached.
Note that to achieve steady state, no particles (receptors or
enzymes) are added to the simulation. Rather, a steady state
occurs because of the cyclic nature of the reaction mecha-
nism. At steady state, the number of bound receptors can be
calculated by

[RL] _ [LVKo
R, 1+ [LVK, 2)

where R, is the total receptor number, and K, is the
equilibrium dissociation constant for ligand binding to re-
ceptor and is equal to

ke
Kp = k. 3)

The quantity [LVKp, is a dimensionless quantity referred to
as the normalized ligand concentration. This quantity is
often used to compare responses at equivalent fractional
receptor occupancies, despite variations in k, or k.

Receptor cross-linking model

Fig. 2 shows a reaction schematic for bivalent ligand bind-
ing to monovalent receptor (Fig. 2 a) and bivalent receptor
(Fig. 2 b). For the cross-linking of monovalent receptors,
only receptor dimers can form; however, for the cross-
linking of bivalent receptors, larger clusters can form. Note
that for the bivalent receptor, not all pathways between
states are shown in the figure, because of the complexity;
however, all possible reactions are allowed in the simula-
tion. For example, there are seven possible cross-linking
reactions involving monomers and dimers to form trimers;
however, only three of those reactions are shown. A detailed
description of the possible reactions and useful notation has
been described previously (Dembo and Goldstein, 1978).
Before a cross-link can form, a ligand must first bind to
a site on the receptor, which leaves one site available on the
ligand. Ligand binds to a receptor with an association rate
constant k; and dissociates from the receptor with rate
constant k,. Note that in Fig. 2 k; and k, are defined with
respect to a monovalent ligand binding to a monovalent
receptor. Cross-links form when a receptor with an empty
binding site is adjacent to a receptor-ligand complex in
which a ligand has an available binding site. The rate
constant for the formation of cross-links is k, ([no./(:ell]_l
s~ 1), and the rate constant for the breaking of a cross-link is
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FIGURE 2 Reaction schematic for receptor cross-linking. For the cross-
linking of bivalent receptors, not all reactions are shown. Simulations are
performed to determine the cross-linking rate constant k,.

given as k_, (s~"). The diffusion-limited cross-linking rate
constant k, is not an input to the simulation, but is deter-
mined from the simulation. Note that k, and k_, are defined
with respect to the cross-linking of monovalent receptors by
bivalent ligand. The statistical factors associated with kj, k,,
k., and k_, account for the reaction path degeneracy. As
before, the simulations continue until a steady state is
achieved; however, no particles are added to achieve a
steady state.

A few assumptions have been made regarding the imple-
mentation of the cross-linking reactions. We assume that the
rate constant for the dissociation of cross-links, k_,, is equal
to the ligand dissociation rate constant, k,, which has been
observed experimentally (Subramanian et al., 1996). Next,
receptor clusters consisting of more than two receptors are
assumed to be immobile. The immobility of large clusters is
seen experimentally (Menon et al., 1986), and this assump-
tion does not significantly affect our results. For the diffu-
sion of receptor dimers, the lattice sites to which a receptor
can move are only those two that are adjacent to both
receptors. Finally, ring formation for all cluster sizes is
neglected, which results in the formation of only linear
chains. With this latter assumption, we are able to more
easily compare simulation results with the model of Dembo
and Goldstein (1978), for which the equilibrium cluster size
distribution has an analytical solution.
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Determination of dimensionless reaction
rate constants

To quantify the effects of the depletion/accumulation zones
on the reaction rate, we first calculate an effective reaction
rate constant at steady state for the reactions in the plasma
membrane. These effective rate constants are determined by
counting the number of reactions between reacting species
in a fixed time interval and then dividing by the average
number of reactants in that interval. For the collision cou-
pling model, an effective reaction rate constant (k) for the
reaction of RL with E is calculated from the simulation by
dividing the number of reactions that occur each second by
the average number of RL and E for that second. The
average number of RL and E for each second is determined
by averaging the number of RL and E at the beginning,
middle, and end of the interval. For receptor cross-linking,
an effective cross-linking rate constant (k,) is determined by
counting the number of cross-linking reactions that occur in
an interval and dividing by the average number of reactants.
For the cross-linking of bivalent receptors, only the 15
cross-linking reactions involving monomers and dimers are
used to determine k,. These reactions are used because they
occur with a relatively high frequency as compared with
clusters larger than two. The reaction rate constants deter-
mined from the simulation are divided by the appropriate
statistical factors (see Fig. 2) to determine the value of k,.
The dimensionless rate constant, «, defined in Eq. 1, is
calculated from the effective rate constant and the homoge-
neous rate constant. For the collision coupling mechanism,
the effective activation rate constant is given by &, and is
determined from simulations as just described. Because
reactions occur after collisions between RL and E, the
expression for the homogeneous reaction rate constant,
is given by the collision frequency between two homoge-
neously distributed molecules undergoing a random walk
(Torney and McConnell, 1983):

4(Dg + Dg)
k== 0)

where Dy, and Dg are the diffusivities of RL and E,
respectively, and S is the surface area. An expression for the
dimensionless activation rate constant, a°, is then given by

ke kS S
* Tk T 4(Dp + Dy )

(The related quantity kS/D is a dimensionless quantity
known as the second Damkohler number (Janssen and War-
moeskecken, 1987).) In general, note that deviations of «
from 1 represent the spatial effects due to an inhomoge-
neous distribution. Values for « less than 1 correspond to a
decreased rate of reaction due to a depletion zone around
reactants. Conversely, values for « greater than 1 corre-
spond to enhanced activation rates due to the accumulation
of reactants.
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For the receptor cross-linking mechanism, the effective
cross-linking rate constant, k,, is determined from the sim-
ulation. Because cross-links form between receptors occu-
pying nearest-neighbor sites, the homogeneous cross-link-
ing reaction rate, ki, is given by the nearest-neighbor
frequency for a homogeneous distribution. The nearest-
neighbor frequency is similar to the collision frequency,
with the primary difference being the number of available
sites. A first approximation to the nearest-neighbor fre-
quency for a homogeneous distribution is given by the
collision frequency multiplied by the number of nearest
neighbors; therefore, for six nearest-neighbor sites on a
triangular lattice, the nearest-neighbor frequency is given as

24(D¢, + D,
ke = (cnS c2) ©)

where D¢, and D, are the diffusivities of the two receptor
clusters. Therefore, the expression for the dimensionless
cross-linking rate constant, o, is

ko kS ;
ke~ 24(Dg, + Doy ™

al‘C

Determination of probability density function

Spatial inhomogeneities in the distribution of molecules can
be observed by computing a probability density function
(PDF) (McQuarrie, 1976). The PDF is the probability of
finding a particle as a function of distance from a central
particle. For our purposes, the PDF of interest is for reacting
species. Therefore, for the collision coupling model, a PDF
is generated for the distribution of inactive enzymes (E)
around receptor-ligand complexes (RL). For receptor cross-
linking, the PDF is generated for receptor-ligand complexes
with a free ligand site around a receptor with a free site. To
determine the PDF, the number of reactive particles within
a 40-site radius of the central particle is counted. Reactive
particles that are the same minimum number of jumps from
the central particle are grouped together. After counting the
number of reactive species, the count at each distance is
divided by the number of lattice sites at that distance. To
compare PDFs for different simulations, the PDF from the
simulation is normalized by the PDF for a homogeneous
distribution. Normalized PDFs are determined at steady
state for both enzyme activation and receptor cross-linking.

Parameters

A 1000 X 1000 site triangular lattice with a lattice spacing
of 7 nm, approximately a protein diameter, is used to
simulate a 49-um? section of the plasma membrane. For the
collision coupling model, parameters characteristic of G-
protein activation through G-protein coupled receptors were
used as a basis for the simulations. The receptor density was
varied from 10/um? to 40/um?, which is within the range
seen experimentally (Stickle and Barber, 1989; Sklar, 1986;
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Post et al., 1995). The density of enzymes was varied from
10/pm? to 400/um? (Sklar, 1986; Post et al., 1995); how-
ever, simulation results were independent of the total en-
zyme number. The range of values for the receptor and
enzyme density corresponds to an occupancy of 0.1-2.2%
of the lattice sites. All species were assumed to have the
same diffusivity. The diffusivity was varied from 10~!! cm?
s~ to 107° cm? s™!, the range seen experimentally (Gen-
nis, 1989). The ligand dissociation rate constant, k,, was
varied from 0.1 to 100 s~! (Stickle and Barber, 1991).
Values for the inactivation rate constant, k;, for an activated
enzyme were varied from 0.01 to 1.0 s~! (Stickle and
Barber, 1991; Taylor, 1990).

For receptor cross-linking, the receptor number was var-
ied from 10 to lOO/p,mz, values representative of those seen
experimentally (Malveaux et al., 1978; Barsumian et al.,
1981). Monomers and dimers were assumed to have the
same diffusivity, which was varied between 10~!! cm? s™!
and 107!% cm? s™! (Posner et al., 1995; Schlessinger et al.,
1976). Several simulations were performed at 107° cm?
s~ !; however, these simulations were limited because the
required computational time for the simulation is large.
Values for k, used in the simulations ranged from 0.2 s~ to
20 s~!. Simulations with values for , less than 0.2 s~ ! were
not performed because of the required computational time
to reach steady state.

RESULTS
Collision coupling model

Fig. 3 shows the effect of the ligand dissociation rate
constant, k., and the species diffusivity, D, on the dimen-
sionless activation rate constant for the collision coupling
model («°°). These simulations were performed at a single
value of the normalized ligand concentration ([L}/Kp)
(equal to 0.05) to compare the rate constants for equivalent
numbers of receptor-ligand complexes. As k, is increased
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FIGURE 3 The effect of the ligand dissociation rate constant k, on the
dimensionless activation rate constant a“ in the collision coupling model
at varying diffusivities. Parameters used in the simulations are [L]}/Ky, =
0.05, k; = 0.1 s7', R, = 40/um?, E,,, = 40/pum>.
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from 0.1 s~! to 100 s~', values of o increase. Further-
more, as the diffusivity is decreased from 10~° cm® s~ ! to
107" cm? 5™}, values for o increase. Values for o closer
to 1 are indicative of a more homogeneous distribution;
therefore, larger values for k, and smaller values for D
correspond to a more homogeneous distribution and de-
creased spatial effects.

The spatial inhomogeneities produced by the collision
coupling mechanism are observed with a probability density
function. Fig. 4 a shows the effect of varying k. on the
spatial distribution of enzymes around receptor-ligand com-
plexes. Note that as k, decreases, the size of the depletion
zone around a receptor-ligand complex increases. The size
of the depletion zone around a receptor-ligand complex
controls the steady-state rate constant for enzyme activa-
tion. The effect of k, is attributed to the effect of ligand
switching, which is defined as the movement of ligand
among receptors (Stickle and Barber, 1989). Although the
same number of receptors is bound at steady state for both
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FIGURE 4 Probability density function (PDF) from simulations of the
collision coupling model, giving the probability of finding an enzyme as a
function of the distance from a receptor-ligand complex. The distance is
measured as the minimum number of jumps from a receptor-ligand com-
plex. The PDFs are for (a) varying &, and (b) varying D. Parameters used
in the simulations are (@) [L}/Kp, = 0.05,k, = 1,105, k, =0.1s~!, D =
107" em? 57!, R, = 40/um?, E,,, = 40/um?>. (b) [LVKy = 0.05, k, = 1
sThk=01s""D=10"" 107" cm? s~! R = 40/um>, E, =
40/pm?.
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simulations shown in Fig. 4 a, the occupancy is shared
differently among the entire receptor population. The equi-
librium dissociation constant K, determines the number of
receptors that are bound at equilibrium, and k. determines
the frequency with which the occupancy is redistributed
among the receptor population. The movement of ligand
among the receptors produces a more homogeneous distri-
bution of enzymes around receptor-ligand complexes,
which, by definition, produces values for a° nearer to unity.

Fig. 4 b shows the change in the spatial distribution of
enzymes around receptor-ligand complexes produced by
varying the diffusivity. Increasing the diffusivity has the
effect of increasing the size of the depletion zone and
thereby reducing o. Receptor-ligand complexes with large
diffusivities travel farther on average in a given time than
receptor-ligand complexes with small diffusivities. This in-
creased distance of travel enables the receptor-ligand com-
plex with a larger diffusivity to deplete its local environ-
ment of inactive enzymes to a greater extent than a receptor-
ligand complex with a smaller diffusivity. Thus the
enhanced local depletion produced by larger diffusivities
produces smaller values for a°.

The dimensionless activation rate constant for collision
coupling, «°°, scales with ratio of the diffusivity (D) to the
ligand dissociation rate constant (k). The ratio of D/k, is
related to the mean square displacement of a molecule in
two dimensions, which is given by (Einstein, 1905)

(r*) = 4Dt ®

where the appropriate diffusivity D to use is the sum of the
diffusivities for receptor-ligand complexes and enzymes.
The relevant time, ¢, in Eq. 8 is the mean lifetime of a
receptor-ligand complex, which is equal to k. !. This effect
of the unimolecular lifetime has been observed for a similar
reaction mechanism (Keizer, 1982). Fig. 5 shows o as a
function of the mean square displacement. This scaling of
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FIGURE 5 Scaling of the dimensionless activation rate constant for the
collision coupling model («°°) as a function of the mean square displace-
ment ({r*)) for a receptor-ligand complex. The data in Fig. 3 are replotted
here as a function of (+*), which is given by Eq. 8.
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a°® with the mean square displacement of a receptor-ligand
complex is consistent with results for rate constants deter-
mined for three-dimensional systems (Keizer, 1983).

The scaling relationship presented above for one normal-
ized ligand concentration can be extended to all normalized
ligand concentrations. Fig. 6 shows the dependence of «*°
on the ligand concentration at different values of the mean
square displacement. In all cases, the trend shown in Fig. §
holds: an increase in (r*) means o decreases for a constant
[LVKp. At small values of (+*) and low ligand concentra-
tion, the switching of ligand among receptors produces
relatively large values for a°® because there are many free
receptors for ligand to move among. However, as the nor-
malized ligand concentration increases, the opportunity for
switching decreases because of a decrease in the number of
unoccupied receptors, and thus values for o decrease. At
large values of {+*) and low ligand concentration, the con-
tribution of switching to activation is small and enzyme
activation is limited to the vicinity of a few receptor-ligand
complexes. As the ligand concentration increases, the in-
creasing number of receptor-ligand complexes produces
enzyme activation across the entire cell surface, increasing
the activation rate constant. Note that the scaling relation-
ship allows the effects of the normalized ligand concentra-
tion ([L)/Kp), the diffusivity (D), and the ligand dissociation
rate constant (k,) to be captured in one figure.

Simulations were also performed to determine the effect
of the receptor density (R,,,), enzyme density (E,,), and the
enzyme inactivation rate constant (k) on o (data not
shown). Varying R,,, which affects switching along with
the distribution, from 10 to 40/um?, affects values for a°
by less than 10%. The effect of the enzyme inactivation rate
constant depended on the diffusivity. For a diffusivity equal
to 107! cm? s, varying k; from 0.01 to 1.0 s~ affected
values for o by ~15%. However, for a diffusivity equal to
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FIGURE 6 Dependence of the dimensionless activation rate constant for
collision coupling (a°°) on the normalized ligand concentration at different
values of the mean square displacement for a receptor-ligand complex
({*)). Parameters used in the simulations are [L)/Kp, = 0.01-10, k; = 0.1
sk =01,1,10,100s7), D = 107,107 cm? s, R, = 40/pm’,
E = 40/pum?.
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107'% cm? s, the same variation in ; affected o by less
than 5%. Simulations in which E,,, was varied from 10 to
400/pm? had no effect on values for o

Receptor cross-linking model

Fig. 7 shows the effect of the ligand dissociation rate
constant, k,, and the species diffusivity, D, on the dimen-
sionless cross-linking rate constant (o) for the receptor
cross-linking model. These simulations were performed at
values of [L)/K equal to 0.5 and a receptor density of
10/um?. In general, values for the dimensionless cross-
linking rate constant o™ are closer to 1 than are the values
of the dimensionless activation rate constant for collision
coupling a®. For the cross-linking of monovalent receptor
(Fig. 7 a), & increases with increasing k, and decreasing D;
however, note that the values for o' are approximately
unity for k, equal to 0.2 s ™! and are greater than 1 for larger
values of k,. Values for o™ greater than 1 indicate that there
is an accumulation of reactants that increases the overall
reaction rate. For the cross-linking of bivalent receptor (Fig.
7 b), the spatial effects on the rate constant are smaller than
those shown in Fig. 7 @ when D and k, are varied. Values for
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FIGURE 7 The effect of the ligand dissociation rate constant k. on the
dimensionless cross-linking rate constant o™ at varying diffusivities for
bivalent ligand binding to (a) monovalent receptor and {b) bivalent recep-
tor. Parameters used in the simulations are [LY/Ky, = 0.5, R, = 10/um?.
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o vary by less than 15% when D is varied by an order of
magnitude and k, is varied over two orders of magnitude.
Values for o near 1 are indicative of a homogeneous
distribution, which is observed in the PDF. Fig. 8 shows
representative PDFs for the cross-linking of monovalent and
bivalent receptors. Note that for the monovalent receptor,
the normalized probability is slightly larger than 1 near the
central particle, which indicates an accumulation of reacting
species. In general, these PDFs are more homogeneous than
the PDFs for the collision coupling model. The cross-link-
ing mechanism produces values for & near 1 because of the
reversibility of the reaction. The breaking of a cross-link can
be immediately followed by the formation of the cross-link
because the two species are still in the same vicinity.
Similar to the collision coupling mechanism, the dimen-
sionless cross-linking rate constant for the cross-linking of
monovalent receptors by bivalent ligand scales with the
mean square displacement of a receptor-ligand complex.
Fig. 9 shows this scaling relationship for diffusivity and k,,
with each varying over three orders of magnitude. The mean
square displacement is related to the size of the accumula-
tion zone, which is related to the ability of two receptors to
reform a cross-link once the initial link has been broken.
Simulations examining the effect of the normalized li-
gand concentration and the receptor density on the dimen-
sionless cross-linking rate constant showed that neither pa-
rameter affects the rate constant significantly. Furthermore,
the steady-state results of our simulation are consistent with
the analytical solution for the formation of linear chains by
Dembo and Goldstein (1978). Using the values for k, de-
termined in the Monte Carlo simulation along with the
appropriate values for k,, the receptor number, and the
normalized ligand concentration in the Dembo model, the
results of the Monte Carlo simulation can be reproduced.

- N —

p—

1.15 —e— Bivalent receptor

—o— Monovalent receptor

1.10
1.05
1.00
0.95

Normalized Probability

0.90

LR AR AR R AR RN ARARS RARRE RAS

(1 :1-3 SHEE PR PR P RS P P P
5§ 10 15 20 25 30 35 40

Distance (min. # of jumps)

o

FIGURE 8 Probability density function (PDF) from simulations of re-
ceptor cross-linking, giving the probability of finding a free receptor site as
a function of the distance from a receptor-ligand complex with a free ligand
site. The distance is measured as the minimum number of jumps from the
receptor-ligand complex. Parameters used in the simulation are [L)/K, =
05,k =2s""D=10"" cm?s™!, R, = 10/um>.
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FIGURE 9 Scaling of the dimensionless cross-linking rate constant (")
as a function of the mean square displacement ({r*)), at varying D for
cross-linking of a monovalent receptor by a bivalent ligand. The parame-
ters used in the simulation are [L)/Kp = 0.5, k., = 0.02, 0.2, 2, 200 s™ !,
D=10"",10"1%10"% cm®>s™', R, = 10/um>.

DISCUSSION

The effective plasma membrane reaction rates for two sig-
nal transduction mechanisms (collision coupling and recep-
tor cross-linking) were examined to quantify the effects of
an accumulation/depletion zone on the reaction rate con-
stant. Monte Carlo techniques were used to simulate these
reaction mechanisms and to determine a dimensionless re-
action rate constant, «. For the collision coupling mecha-
nism, the irreversibility of the activation reaction results in
the formation of a depletion zone around the receptor-ligand
complex, which reduces the effective reaction rate below
that for a homogeneous distribution (0.25 < a*° < 0.9) for
the parameter ranges tested. The size of the depletion zone
varies with the diffusivity and ligand dissociation rate con-
stant &, in such a manner that the dimensionless activation
rate constant o°° scales with the mean square displacement
of a receptor-ligand complex, as seen in three-dimensional
systems (Keizer, 1983). In receptor cross-linking, the re-
versibility of the mechanism produces a spatial distribution
that ranges from a slight depletion zone to a slight accumu-
lation zone. For the cross-linking of monovalent receptors,
a small accumulation zone develops around receptor-ligand
complexes that enhances the reaction rate above that for a
homogeneous distribution (1 = o = 1.25) for the param-
eter ranges tested. Furthermore, the dimensionless rate con-
stant scales with the mean square displacement of a recep-
tor-ligand complex. For the cross-linking of bivalent
receptors, a small depletion zone develops around receptor-
ligand complexes that reduces the effective reaction rate
constant below that of a homogeneous distribution (0.85 <
a' = 1) for the parameter ranges tested.

It is worthwhile to compare results of our Monte Carlo
simulations of the collision coupling model with various
analytical predictions of the diffusion-limited rate constant,
k,. To better understand the importance of the various
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parameters, we compare the dimensionless quantity k,S/
Dy, g from our simulations with that predicted by the var-
ious models, where Dg; i is equal to the quantity Dy, +
Dg. For the three models examined, we focus on two aspects
of the quantity k,S/(Dgy g): the predicted value and the
functional dependence on the various physical characteris-
tics of the system, such as the diffusivity and the unimo-
lecular lifetime.

First we compare the diffusion-limited rate constant from
our simulations of the collision coupling model with that
predicted for the trapping of receptors by uniformly distrib-
uted static sinks. Multiple derivations (Adam and Delbruck,
1968; Berg and Purcell, 1977; Keizer, 1985; Lauffenburger
and Linderman, 1993) have been performed that predict a
diffusion-limited rate constant with the form

k.S _ 2w
T Inbls—C &

D RL.E

where b is the average distance between enzymes, s is the
encounter radius, and C is a constant that is dependent on
the derivation method. Adam and Delbruck (1968) predict
C = 0.5; Berg and Purcell (1977), C = 0.75; Keizer (1985),
C = 0.231; Lauffenburger and Linderman (1993), C =
An estimate for the average distance between enzymes, b,
was determined as (Lauffenburger and Linderman, 1993)

= (S/m{E])"?, where [E] is the concentration of inactive
enzymes. Fig. 10 plots the quantity &k, S/(Dg; g) as a func-
tion of the diffusivity (Fig. 10 a), the ligand dissociation rate
constant (k,, which represents the unimolecular lifetime of
the reactant) (Fig. 10 b), and the normalized ligand concen-
tration ([L}/Kp) (Fig. 10 ¢). Because the various derivations
of Eq. 9 differ only slightly, we plot only the Lauffenburger
and Linderman solution (C = 0). Fig. 10 shows that the
quantity k, S/(Dg; g) predicted by Eq. 9 varies slightly with
diffusivity (Fig. 10 a), is independent of unimolecular life-
time (Fig. 10 b), and changes with the normalized ligand
concentration (Fig. 10 ¢). The dependence on diffusivity
and normalized ligand concentration is indirect and results
from changes in b with the changing number of inactive
enzymes. Note that this dependence on the number of en-
zymes differs from what is observed in the simulations.
Furthermore, the differences between the values for the rate
constant predicted by Eq. 9 and those determined from the
simulation can be attributed to the concentration profile,
which determines the size of the depletion zone. The as-
sumption of a uniform distribution of traps used to derive
Eq. 9 differs from the random distribution of receptors and
enzymes in the simulation and may contribute to differences
in the concentration profile.

A second comparison can be made to the model by
Goldstein et al. (1988) for the trapping of mobile receptors
by randomly distributed static traps. Their solution, given in
our notation, is

k.S K\(ya)

7Y Kolva) (10

DRLE
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FIGURE 10 Comparison of the dimensionless rate constant k. S/(Dg,, +
Dg), determined from our Monte Carlo simulations of the collision cou-
pling model with the predictions of Lauffenburger and Linderman (1993),
Goldstein et al. (1988), and Keizer (1982). The figures show the functional
dependence on (a) the diffusivity of each species (e.g., Dgy, Dg); (b) the
ligand dissociation rate constant k, which determines the unimolecular
lifetime of a receptor-ligand complex; and (c) the normalized ligand
concentration. Parameters used to generate the curves are k; = 0.1s™', 5 =
49 um?, R, = 40/um?, E,,, = 40/um?, s = a = 3.5 nm, R = 7 nm. For
@k =1s7", [L]/KD = 0.05; (b) Dg. = Dz = 107" cm? s™', [LVKp =
0.05; and (¢) k, = ! Dg = Dg =107 cm? s 1,

Equation 10 is based on solving a differential equation for
the radial concentration profile and then determining the
rate constant based on the flux at the boundary of the trap.
In Eq. 10, a is the radius of the trap, K, is the modified
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Bessel function of the order 1, K|, is the modified Bessel
function of order 0, and <y is given by (k+/([E](DRL,E)))2.
Fig. 10 plots the quantity k,S/(Dgy g) as predicted by the
model of Goldstein et al. as a function of the diffusivity
(Fig. 10 a), ligand dissociation rate constant (Fig. 10 b), and
the normalized ligand concentration (Fig. 10 ¢). The solu-
tion by Goldstein et al. is explicitly dependent on the
diffusivity, through the parameter v; is independent of the
unimolecular lifetime; and varies with the ligand concen-
tration because of the dependence of vy on [E]. Although the
simulation and the Goldstein et al. model have similar
predictions in Fig. 10 q, this is due in part to a fortunate
choice of parameters, and agreement cannot be expected for
all parameter ranges. For example, increasing the number of
inactive enzymes by an order of magnitude had no effect in
the simulation, but increases the value predicted by Eq. 10
by 30-50%.

Our final comparison is to a model by Keizer (1982),
shown schematically as

k+

A+B

Products (11)

ke

A Products (12)

In a manner analogous to that of the collision coupling
model, the rate constant k, governs the unimolecular life-
time of a reactant. An explicit solution for the diffusion-
limited rate constant can be obtained by using nonequilib-
rium pair correlation functions if the unimolecular lifetime
is much shorter than the bimolecular lifetime, i.e., k, >
k,pa, k,pg, Where p,, pg are the densities of A and B,
respectively. For this situation, the diffusion-limited reac-
tion rate constant, in our notation, is given by

k.S 27

Dy g B Ko(Ra”z) (13)

where R is the radial distance of closest approach of a
receptor-ligand complex and an enzyme, and « is equal
to k/Dg,. Fig. 10 shows the functional dependence of
k. S/Dg, g, as predicted by Eq. 13, on the diffusivity (Fig.
10 a), the unimolecular lifetime (Fig. 10 b), and the nor-
malized ligand concentration (Fig. 10 ¢). Trends similar to
the simulation results for diffusivity and the lifetime effect
are seen; however, the exact values obtained can differ
significantly. Part of the difference can be attributed to the
different mechanisms (compare this mechanism with Fig.
1). Another factor that contributes to the different predic-
tions of the simulations and the literature models just dis-
cussed, including the Keizer model, is the manner in which
a steady state is achieved. In the literature models, the
reactions are assumed to be irreversible, and the steady state
is achieved by adding reactants to replace those consumed.
In contrast, species are not added in our simulations; a
steady state is achieved because of the cyclic nature of the
mechanism. For example, one reactant is a receptor-ligand
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complex that is responsible for activating the second reac-
tant, an inactive enzyme. The dissociation of ligand from a
receptor essentially removes one reactant, but another reac-
tant can form by ligand binding to a different receptor. In
the literature models, the reactants are typically added uni-
formly; however, the simulations “add” reactants only at
specific sites, such as the location of a receptor or an active
enzyme. Adding reactants uniformly would mix the system
more effectively than addition at discrete locations, thereby
producing larger rate constants.

The functional dependence of our predicted activation
rate constant for the collision coupling mechanism on the
ligand dissociation rate constant is consistent with experi-
mental data. Stickle and Barber (1989, 1991) and Mahama
and Linderman (1995) have prevented the movement of
ligand among receptors, or switching, by blocking a fraction
of receptors with an antagonist and binding the remaining
receptors with an agonist. Inhibiting switching reduced the
measured response, consistent with a decreased activation
rate constant.

Next we compare the rate constants obtained from sim-
ulations of receptor cross-linking with values that were
determined experimentally. Although the spatial effects on
the cross-linking rate constant are less significant than in the
collision coupling model, our results offer an interpretation
of experimental data that is different from those previously
presented. The second column of Table 1 lists the rate
constant measured for cross-link formation for IgE dimer on
human basophils (Dembo et al., 1982) and a rate constant
estimated for DCT,-cys binding to IgE on cells (Erickson et
al., 1991). Using these values, we estimate the dimension-
less cross-linking rate constant o' by using Eq. 7. For
cross-linking of IgE on basophils, the reported rate constant
is equal to the numerator of Eq. 7. The diffusivity for the Fc,
receptor is ~2 X 107'® cm? s~ ! (Schlessinger et al., 1976).
For cross-linking by DCT,-cys, the reported rate constant is
converted to a two-dimensional constant using the cell
surface area, the cell density, and Avogadro’s number. The
two-dimensional rate constant is then made dimensionless
by using Eq. 7. The last column of the table lists the
dimensionless rate constants for the two experimental cases
and the simulations performed here. Comparing the dimen-

TABLE 1 Comparison of the cross-linking rate constants
determined experimentally with the diffusion-limited rate
constant determined in the simulation

Dimensionless

Source Reported value rate constant o™

Dembo et al. (1982) 5X107%cm? s7! ~0.05*%
Erickson et al. (1991) 21X 107M~ st =0.0001*
Simulation ~0.9

*This dimensionless rate constant is obtained by dividing the reported
value by 24 + (D¢, + Dc,), where Dy = D, = 2 X 1071 em? 571,
*This dimensionless rate constant is determined by multiplying the re-
ported value by Sp and dividing by N,y * 24 + (D¢, + Dc,), where S is
assumed to be 5 X 107¢ cm?/cell, p = 3.3 X 10° cells/ml, N, = 6.02 X
10%* molecules/mol, and D¢, = Dg, = 2 X 107 ¢m? 5™,
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sionless rate constants shows that the value of the rate
constant from the simulation is significantly larger than
values measured or estimated experimentally. Dembo et al.
(1982) stated that their measured rate constant was on the
order of the diffusion coefficient, and therefore the cross-
linking reaction was most likely diffusion-limited. How-
ever, according to our simulations, that rate constant is an
order of magnitude smaller than the diffusion limit. The
measurements by Erickson et al. (1991) are approximately
four orders of magnitude less than the values obtained from
the simulation and suggest that the cross-linking reaction
may not be diffusion-limited. An exact comparison between
the literature data and our simulation predictions is compli-
cated by the assumptions associated with the lattice used in
the simulations. For example, the triangular lattice assumes
six nearest neighbors, which may differ from the physical
situation. The formation of cross-links by nearest neighbors
assumes a fixed length of the ligand for the cross-link,
which can affect the cross-linking rate constant. However,
accounting for these phenomena is not expected to alter the
simulation results by an order of magnitude or more. Fur-
thermore, because of computational restrictions, the disso-
ciation rate constant for the ligands used in the simulation
are greater than those observed by Dembo et al. and Erickson
et al. Based on the trends seen in Fig. 7, however, lower values
for the dissociation rate constant are not expected to decrease
the cross-linking rate constant by an order of magnitude.

To summarize, if the reactions in the plasma membrane
are affected by diffusion, the distribution of species in the
plasma membrane may not be homogeneous and may sig-
nificantly affect the reaction rates. Knowledge of how the
different parameters, such as diffusivity, ligand dissociation
kinetics, and ligand concentration, affect the reaction rate
allows a more detailed understanding of the signal trans-
duction mechanism and may provide a significantly differ-
ent interpretation of experimental data. Modeling studies
examining the effects of the physical characteristics of the
tissue and ligand used in conjunction with experiments may
ultimately lead to strategies for manipulating the signaling
pathway and thus the cellular response.
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